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ABSTRACT
This study investigates the standardized moments of force distribution in simple liquids, aiming to provide a
comprehensive understanding of their physical properties and behavior under various conditions. By employing
analytical and computational methods, we analyze how different factors, such as temperature, viscosity, and
molecular interactions, influence the distribution of forces within these liquids. Our findings reveal key insights
into the relationship between molecular dynamics and macroscopic properties, enhancing the understanding of
fluid behavior in both theoretical and practical applications. This research contributes to the broader field of
fluid mechanics and offers valuable information for the design and optimization of liquid-based systems.
I INTRODUCTION:
We can better fit coarser models that recreate these1—3 by knowing the moments and measures of a distribution
for a fully atomistic molecular dynamics (MD) simulation. In model coarse graining, it is often the case that we
want to immediately reconcile the completely atomistic system's energy landscape to a simpler representation
that preserves as many of the system's physical characteristics as feasible at the lowest possible computing cost.
However, it is also normal to try to replicate the force distribution that would naturally result in the energy
landscape5—10 by matching forces between the high and low resolution systems.Let F = [F1,F2,F3] represent a
force acting on a liquid's tagged atom. Force F may fluctuate across a range of values depending on the relative
locations of other atoms. In this book, we will refer to this as the force distribution. By computing the features of
its equilibrium distribution, we can acquire extensive information about F. Every force coordinate has the same
equilibrium distribution when an isotropic system is taken into consideration. By averaging over the k-th power
of its initial coordinate, we get the standardised moment of the force distribution as

=1l (1)

where F k 1 is the k-th moment of the force distribution and ok standardises the k-th moment by scaling it with
the k-th power of the standard deviation of the force distribution. In a simple homogeneous fluid with radially
symmetric interactions between particles, the force distribution will exhibit symmetry around the origin and thus
all odd standardised moments vanish, i.e. 0 = al = a3 = a5 = .... As a2 = 1 by definition (1), the first non-trivial
standardised moment is kurtosis, denoted a4, which provides a measure of spread that details how tailed the
force distribution is relative to a normal distributionl1. In this paper, we study how the force distribution
depends on the number density of a homogeneous many-body system, and the temperature of the same system
in a canonical ensemble. We will do this by studying the behaviour of the second moment of the force
distribution F 2 1 and standardised even moments a4, a6, a8, .... If the force distribution was Gaussian, then the
even standardlsed moments would be

(A—l}”—Hf’r—]J fork=2.4.6,8.10,..., (2)

and the second moment F 2 1 would be sufficient to parametrize the force distribution. However, the force
distributions in simple liquids have been reported to deviate from Gaussian distribution12—14. In particular, by
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comparing the results of our analysis with Gaussian moments in equation (2), we can also quantify how non-
Gaussian the real force distribution is.

Much work has been done in the area of force distributions of many-body systems: with seminal work from
Chandrasekhar15 that employed Markov’s theory of random flights to give an expression for the force
distribution of a many-body system interacting through a 1/r gravitational potential. More recent work has been
done with the help of MD by Gabrielliet all6, who derived an expression for the kurtosis of the force
distribution for a lattice system of atoms interacting through the gravitational potential. Further, using the
classical density functional theory, an expression for the probability distribution of force for a system interacting
through an arbitrary weakly repulsive potential was derived by Rickayzen et al17,18 .

In this paper, we study the number density and temperature dependence of the force distribution for a many-
body system interacting through a Lennard-Jones 12-6 potential19,20 , which is ubiquitously used and has been
shown to model homogeneous systems of interacting (Argon) atoms well21-23 .

The simple two-body system in one spatial dimension is thoroughly examined in Section III, which offers the
perfect setting for demonstrating the fundamental techniques while maintaining intriguing dynamical behaviour.
basic-order partial differential equations (PDEs) that describe the dependency of the standardised moments of
the force distribution on parameters are derived from basic principles. By doing this, we also get an analytical
equation for the partition function of a two-body system that is precise in an asymptotic limit of the density
going to zero (n — 0) and that relies only on the standardised moments of the force distribution. The
temperature-dependent PDE is also used to develop a formula that links the system's average energy to
standardised moments of force. We determine the leading order behaviour of the kurtosis of the force
distribution in the limit n — 0 using a truncated Taylor series expansion in parameter regimes where long-range
interactions between atoms predominate. Lastly, we determine the leading order behaviour of the standardised
moments of force at low temperatures (T — 0) using a Laplace integral approximation. The effectiveness of
these techniques and underlying presumptions are shown by the results of a basic MD simulation. The inevitable
conclusion that asymptotic behaviour is determined by long-range force computations is then extended from the
1D model to many-body systems of any size in three spatial dimensions in Section IV. These systems include
periodic boundary conditions using the minimal image convention and cubic geometry, which are the physical
characteristics of typical MD simulations.

II. NOTATION

We consider a system of N identical atoms interacting via the Lennard-Jones 12-6 potentiall9. This is a
ubiquitous interatomic pairwise potential; here the potential between atoms labelled i, j = 1,2,....N positioned at
qi,qj€ R 3 is given (in reduced units24) by the expression

—_ £ ,
L--J-f-u-,-j;:Jr(E _F)' (3)
iy i

whereri j = qi —qj is the distance between atoms. The Lennard-Jones potential (3) between two atoms has a

. .. . ri=r, =21/8
unique minima obtained at "'/ o

We employ the framework of statistical mechanics for this closed many-body system and describe atom i =
1,2,...,N by phase space coordinates {qi ,pi} € R 6 , were pi denotes the momentum of the i-th atom. We work in
the canonical ensemble with temperature T} the partition function therefore becomes

i 1 rf : 3
(T, V)= NN // exp[-BH(q.p)| d’qd’p. (4
Q0
where V is the volume of our closed system, and q = (q1,92.,....qN) T and p = (pl,p2,....pN) T are vectors
containing the positions and momenta of all atoms in the system. Our integration domain is given by Qq x Qp
R 3N x R 3N. This denotes the phase space of our system. For systems of interest Qp = R 3N. The underlying
geometry of the system (and principle simulation cell) is a cubic box of size L > 0, therefore Qq = (-L/2,L/2] x
-+ X (=L/2,L/2]. The phase space volume elements in equation (4) are denoted by

N N
d’q = H d*q; and d’p = H d*p;. (5)
i=1 i=1

Throughout this work we make use of reduced units24, utilising Argon parameters25. In particular, all instances
of T in this work can be translated back to SI units with the transformation T — kBT where kB is the Boltzmann
factor. Therefore, in the partition function (4), we have p = 1/T and h is the Planck constant (= 0.186 in reduced
units). Finally, H(q,p) is the classical Hamiltonian H(q,p) = K(p) +U(q) with kinetic energy K(p) = |p| 2/2 (where
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the usual factor of mass is unity under reduced units) and a general potential U(q). The statistical average of a
quantity X for this N-body system is given by
1 : _ -
I.' ',I i - i 1 J3 2
Qg >0

where the Boltzmann factor acts as a statistical weighting for a configuration {q,p} € R 6N, normalised such
that hli = 1. We label atoms so that the first one is the tagged atom. Denoting the force on the tagged atom
produced from the j-th atom by Fj = [Fj,1,Fj,2,Fj,3] € R 3, for j = 2,3,...,N, the total force F = [F1,F2,F3] on the
tagged atom is

F=YF,

j=2

We define

: N E
Je= / (ZFM) exp[-BU(q)] d'q (7)
Mg\ j=2

fork=0,1,2,.... Then we have

Then the k-th standardised moment (1) is given by
kf2-1

K i

T k2

_J|r-|

o (8)

where we are interested in cases k = 4,6,8,....

In order to study how the force distribution depends on the physical parameters of interest it is useful to identify
how changes in these parameters will manifest themselves in the system. Indeed, we choose to work in the
canonical ensemble with a target temperature of T: this is accomplished with the use of a thermostat which is
discussed further in Section IV B and Appendix B. It is more illuminating to see that if we have a system with a
fixed number of free interacting atoms N in a cubic box of side L; the (reduced) number density is given by n =
N/L 3 . Therefore the approach we employ in this paper to ascertain how values of standardised moments
depend on number density, will be to keep the number of atoms fixed but vary the box width L - this will
manifest as a change in density n. Similarly one could keep the volume of the cubic box the same and vary the
number of atoms though this is a point of discussion in Section IV B.

For the remainder of the paper we will study systems with different spatial dimensions. The size of the system
varies by changing the number of particles N; we will use equation (8) as a crucial initial point in each
calculation. We will naturally proceed by investigating systems of increasing complexity; starting from a
cartoon one-dimensional model and culminating to a general many-body system of arbitrary size in three spatial
dimensions.

III. ONE ATOM IN A POTENTIAL WELL

We now go on to illustrate three approaches to obtain the dependence of the force distribution on parameters n
and T. It is useful to note that, as we are now working in one spatial dimension, density n is proportional to 1/L,
i.e. we have n « 1/L. We will consider a simple system in one spatial dimension consisting of two atoms
interacting through the Lennard-Jones potential (3) in interval [0,L] with periodic boundary conditions. One of
the atoms is considered to be fixed at position q0 = L/2 € [0,L] and the other atom is free to move, therefore, we
have N =1 free atom. Its position is denoted x € [0,L]. Therefore, the inter-atomic distance is r = |x — q0|. Using
our simplified one-dimensional set up, F1 = F and Qq = (0,L), equation (7) reduces to

L
fill) = /F"[Lr—qu|)cxpj-—ﬁm.|.r—c,ruhlm-. 9)
0

which is the marginalised expected value of the k-th moment of force F(x) = —dU/dx, where we have dropped
subscripts in the Lennard-Jones potential (3) and we write it as U(z) = 4(z —12 — z —6 ). Utilising the symmetry
of the potential (and therefore the force) we are left with
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Lf2
fll)=2 ] F*(r) exp[—-B U(r)]dr. (10)
0

In what follows, we will assume that we are in a regime where the box width L satisfies L > r*, where r* = 2
1/6 minimizes the Lennard-Jones potential U.

A. Differential equation for standardised moments
We consider a perturbation of the form L — L+3L. Using equation (10) and considering terms to the order
O(oL), we obtain

fil L+8L) = fill) + fi(L) 8L + O(5L?)

= fi(L) + F*(L/2) exp[-BU(L/2)| 6L + O(SL*).
Using equation (8), we approximate ak(L+3L)

o (L) + o (L) v (L) exp[—BU(L/2)] 6L+ O(EL:'}.

where our notation ok(L) highlights the dependence of the standardised moments of force, ak , on L, and
function vk(L) is given

k-2 +F"'{L;’2'] kF?(L/2)
2L A(L) 2A(L)

Taking the limit 3L — 0, we obtain the derivative of the k-th standardised moment of force, with respect to L,

v(L) (11)

%{L]=U;['L}Cxp:—ﬁL’[L;'?]:LQI:L]I. (12)
wherevk(L) are expressed in terms of integrals (10) as given by equation (11).
B. Far-field integral approximation
To further analyze integrals (10), we introduce a cutoff ¢, which satisfies that r*< ¢ < L/2, where r* =2 1/6 is a
unique maximum of exp[—f U(z)], which can be Taylor expanded as B(1+4z —6 +4z —12 —16/3z —18 +8z —24
...). Considering sufficiently large L, we can choose the cutoff ¢, so that

e

Lf2

ro4

folL) =2 [cxp[—ﬁ{.-’[_r}]:}r+ﬁ/1+Tdr <e, (13)

x ; r
0 ‘

where tolerance € is chosen to be 10—4 in our illustrative computations. This splitting allows us to numerically
calculate the bulk of the integral (10) as a constant independent of L and then use the second term to give an
analytic expression for ak with dependence on L, and ultimately on n.

The range of values of T that are of typical use are chosen in order to maintain the liquid state of Argon during
simulation. These are approximately temperatures in the interval 0.70 < T < 0.73 under ambient conditions26.
Therefore, as volume is varied we are in a regime where B = O(1), for convenience we set f = 1. Though given
that the density of our system changes between each simulation some systems will be in a liquid phase and
others in a gaseous phase, this is a point of discussion in Section IV B.

Splitting the integration domain [0,L/2] of integral (10) into [0, c] and [c,L/2], we use the exact form of the
integrand in [0, c] to obtain a ‘near-field’ contribution. Utilising an approximate form for the integrand given by
the truncated Taylor expansion f(z) in the domain [c,L/2] gives rise to a density dependent ‘far-field’
contribution. Combining these we arrive at the approximate form for fO(L). Using cutoff ¢ = 2, equation (13) is
satisfied with € = 10—4 . Therefore, upon numerically calculating the bulk contribution for the integral with
domain [0,2], we get

L

folL) =2 / exp|-BU(r)|dr = by --L-+-0(L f‘) (14)
0

doy k-2

Y
. e aQ(L).
oL ‘Y= 3+ ) %)
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FIG. 1. Plot of a4 as a function of n = 1/L for the illustrative one-atom system. Results of MD simulations are
compared with a4 = —10.828 + 15.074n —1 obtained by using equation (17) with b0, b2 and b4 given by (16)
(blue dashed line). MD simulation results for temperature T = 1 utilising Langevin dynamics27 described in
equation (B1), with friction parameter y = 0.1, are represented by red dots. The MD simulation length was a
total of 1.1x108 time steps with the first 107 time steps used for initialisation.
Finally this gives us tha

L

, I | 2
#(T,V)= chxp[—ﬁ!f[q)‘ dg /t‘XP%—ﬁ%} dp, 20)

0 =

where the Planck factor of 1/h arises instead of 1/h 3 due to the fact that we are in one-dimensional physical
space. Using (10), we obtain

—

f[]tL) — ||l! f[(T.V:I Illlll%_ (2']

Considering the low density limit n — 0 (i.e. L — o) in equation (12) and using (18) and (21), we obtain
F1. _ -J J.“)_ - l
Z(T.V) Nw (IL[L}(%(L]) . (2
N dL

as L — oo. In particular, we can obtain the partition function (20) in the dilute (low density) limit by using
information

%
hS

102t .

14 . .
" 10" 10° 10°
I

FIG. 2. Approximation of the partition function Z1(T,V) obtained using the right hand side of equation (22) with
k = 4 and values of kurtosis (a4) estimated from MD simulation (blue dashed line). The exact values obtained
by (20) are plotted as the red dots.
about the moments of the force distribution. The accuracy of equation (22) is illustrated in Figure 2, where we
use k = 4. We use MD simulations of a single atom, using a range of simulation box widths L. We estimate the
values of kurtosis of the force distribution, its derivative with respect of L and use the right hand side of
equation (22) to estimate the Z1(T,V). Considering L > 10, the result is within 5% error when compared with the
exact result (20), while for larger values of box width L the error decreases to around 1%, confirming that the
formula (22) is valid in the asymptotic limit L — oo.

C. Temperature dependence of standardised moments
One can perform a similar analysis as in Section III A, viewing the moments ok = ak(T) as a function of
temperature T = 1/B. To do that, we consider the moment definition (10) as a function of temperature T, namely,
we define
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fil T) —2[.—“ }pr{ frl] dr. (23)

Considering small perturbations of these functions with respect to T — T +8T, while fixing the domain length L,
and collecting terms up to first order in 6T, we obtain

d
S (T) = ilT) ou(T) (24)
Where
' k folT) |, f(T) (k> £(T)
i (2 ).fuf )+,,r';[ (T) \2/ A1) (23)

Combining equations (24) and (25) with equation (21) where § = 1/T, we obtain
d ai f i) 1
ar' ( j_& ) (k—2 J(ﬁln[iﬁ) T)
Since —0/0B(InZ1) is equal to the average energy of the system, hEi, we have

(E) = E-I-T—liln(m’sﬁ[) (26)

: 2 TiE=24r 4
V. DISCUSSION AND CONCLUSIONS
We have shown in Section III that a range of techniques may be used to investigate the temperature and number
density dependence of the standardised moments of the force distribution. This gives rise to a rich structure in
which we demonstrate that these standardised moments may be used to compute the partition function for a 1D
system in its entirety. Section IV examines the relationship between ok and number density n by applying the
far field technique presented in Section III B to a system with N atoms in three-dimensional physical space.

Forn<1.11 and T < 1.7, the excess kurtosis, a4 —3, is computed as a function of temperature T and density n.
The coexistence lines of several phases of a Lennard-Jones fluid are shown by the white dotted lines, which are
derived from the literature 32—35. The critical point and the vapour-liquid-solid triple points are shown by the
solid black dots (left to right), which yields the asymptotic equation (38). MD simulations of four systems of N
=2,8,64,512 interacting Lennard-Jones atoms are compared with our analytical findings. Although the findings
for systems with greater values of N are shown to converge more rapidly to the theoretically anticipated
outcomes, the results nonetheless show good agreement with theoretical expectations. Specifically, systems with
lower values of N lack rich dynamics like clustering of Lennard-Jones fluids entirely, whereas systems with N
as tiny as N = 64 atoms catch these dynamics. Because atoms are energetic and may push closer together to
experience greater forces, ak generally increases as temperature rises. Clustering at the vapour-liquid
coexistence phase causes a bifurcation point, as shown in Figure 6, where a significant increase in the
standardised moments of force is observed. However, regardless of the temperature/number density domain
under study, a general increase in temperature or a decrease in number density causes an increase in a4, as
shown in Figure .

k)

excess kurtosis (ay — 3)

0 02 04 06 08 1
n
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