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An prominent field of study related to Lie theory, representations of Lie groups and Lie algebras, has its 
origins in the work of Sophus Lie, who examined certain transformation groups that are now known as 
Lie groups. Both Lie groups and Lie algebras are now fundamental to many areas of theoretical physics 
and mathematics. Compared to the Liegroup, the Lie algebra is more readily available since it is a linear 
entity. Wilhelm Killing (1847–1923) argued that categorising all (finite dimensional real) Lie algebras 
should come before classifying all group actions. It became evident from the slow development of Lie, 
Friedrich Engel (1861–1941), and Killing's theories that figuring out all basic Lie algebras was essential. 
Unless otherwise indicated, a Lie algebra is a finite dimensions over a field with characteristic zero in 
this article. 

 
A vector space with a basis made up of group elements and additional structure using the product 
operation on G is called a group algebra of a finite group G. Group algebras may be thought of as the 
foundation for representation theory of finite groups. A homomorphism ρ: G   GL(V) of G to the group 
of automorphisms of V is a representation of a finite group G on a finite dimensional complex vector 
space V.  A vector subspace W of a representation V that is invariant under G is a subrepresentation of 
that representation. For any g G and w W, that is ρ(g)(w)   W. If there isn't a valid invariant subspace W 
of V, then ρ is irreducible. Through the bracket (commutator) operation, the group algebra takes on the 
structure of a Lie algebra. 

 
Plesken Lie algebra is the name given to the creation of a Lie algebra of a finite group by W. Plseken 
and Arjeh M. Cohen. They ran into the issue of which groups the construction would provide a simple 
Lie algebra for. By explicitly identifying the groups for which the Plesken Lie algebra is simple or 
semisimple, Arjeh M. Cohen and D. E. Taylor conducted a thorough investigation of the structure of 
Plesken Lie algebras in [1]. The representations of Plesken Lie algebras, Plesken Lie algebra modules, 
and the representations of Plesken Lie algebras derived from the group representations are all covered in 
this work. Additionally, we identify the irreducible representations of Plesken Lie algebras.  
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1. PRELIMINARIES 
We will first go through preliminaries of Lie algebras, group algebras and PleskenLie algebras.Also we 
describes some structural properties of group algebra.Fur-ther we will introduce the notion of 
representation of Plesken Lie algebras. We 
alsodiscusssomeirreduciblerepresentationsofPleskenLiealgebrasofsomegroups. 
 
ALie 
algebraLoveranarbitraryfieldFisavectorspaceoverFendowedwithanoperationcalledLiebracketsatisfying
thefollowingproperties: 

(1) Bilinearity:Forx,y,𝑥∈L,a,b∈F 
[ax+by,𝑥]=a[x,𝑥]+b[y,𝑥] 
[x,ay+b𝑥]=a[x,y]+b[x,𝑥] 

(2) [x,x]=0forallx L 

(3) Jacobiidentity: 
[x,[y,𝑥]]+[y,[𝑥,x]]+[𝑥,[x,y]]=0forallx,y,𝑥∈L 

A vector subspace K      L is a Lie  subalgebraof L if [x, y]     K  for all x, y     K, 
andasubspace I  of a  Lie algebra L  is  called an ideal  if  [x, y]   I  for  all x   L, y     

I.A Lie algebra homomorphism from L to L
′is a linear map φ :LL

′such 
thatφ([x,y])=[φ(x),φ(y)]forallx,yL. 

AgroupalgebraFGofagroupGoverFisavectorspacewithgroupelemenstsasbasis.Tha
tis, 

FG={ Σ
n 

 

i

=
1 

aigi:ai∈Fforalli} 

Herethemultiplicationisdefinedby 

Σn !Σn ! 

aigi bjgj 

i=1 j=1 

Σ
n 

= 
i

,

j

=
1 

aibj(gigj),ai,bj∈F 

AlinearmapbetweentwogroupalgebrasFGandFHwhichpreservesthealgebramultiplicationisaho

momorphismofgroupalgebras. 
Definition1.(cf.[1])PleskenLiealgebraL(G)ofagroupGoverFisthelinearspanof 

elementsĝ=g−g
−1∈FGtogetherwiththeLiebracket 

[ĝ,ĥ]=ĝĥ−ĥĝ 
Example1.ConsiderthesymmetricgroupS3,then 

L(S3)=span{σ−σ−1:σ∈S3} 
={a1((1)−(1))+a2((12)−(12))+a3((13)−(13))++a4((23)−(23)) 
+a5((123)−(132))+a6((132)−(123)):ai∈C} 
={a((123)−(132)):a∈C} 

isaonedimensional Plesken Liealgebraover CwithLiebracket 
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[a( 1̂23),b( 1̂23)]=0 
2. GROUPALGEBRAHOMOMORPHISMSANDPLESKENLIEALGEBRA 

HOMOMORPHISMS 
HerewegothroughsomestructuralpropertiesofgroupalgebrasandPleskenLie algebras such as 

group algebra homomorphisms, group algebra 
representationsandPleskenLiealgebrahomomorphisms. 
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→ → 

→ 

→ → 

 

Lemma1.Letf:G Hbeagrouphomomorphism.Thenf¯ :FG FHdefinedby 

Σ
n 

f¯ ( 
i 

Σ
n 

aigi)
= 

i 

 

aif(gi) 

isahomomorphismbetweengroupalgebr

as. 

 

Proof. 

LetG={g1,g2,...,gn},thenFG={ 

 
Σ
n 

 

i

=
1 

 

aigi:ai∈Fforalli}.Clearlyf¯ is 

linearandfor
α= 

Σ
n 

 

i

=
1 

aigi,

β= 
Σ
n 

 

j

=
1 

bjgj∈FG, 

Σn 

f¯ ( 

Σ Σn
 

aigi

 bjgj)=f̄

( 

Σn 

aibjgigj)= 
Σn 

aibjf(gi)f(gj)
= 

Σn 

aif(gi

) 

 
bjf(gj) 

i=1 j i,j=1 i,j=1 i=1 j=1 

hence,f¯ isahomomorphismbetweengroupalgebras. Q 
However,itisnotnecessarythatanygroupalgebrahomomorphismsinducedbyagrouphomomorphi

smasseeninthefollowingexample. 
Example2.ConsiderthegroupG={e,σ}whereσ2=e. Definef:CG→CG 

 
f(e)=eandf(σ)=−σwithfislinear 

Thenfisagroupalgebrahomomorphism.Butfisnotinducedfromanygrouphomomorphism. 

A representation of a group algebra FG is a linear map φ : FG    gl(V ) ( wheregl(V ) is the set 
of all endomorphisms on V ) such that φ is an algebra homomor-phism. A representation of a 
group G gives rise to a representation of the groupalgebraFGasfollows. 
Definition2.Givenarepresentationρ:G→GL(V)ofagroupG.Thenφ: 
FG→gl(V)definedby 

 

 

isarepresentationofF
G. 

Σ
n 

φ( 
i

=
1 

 
aig

i)= 

Σ
n 

 

i

=
1 

 
aiρ(gi) 

Asubrepresentationofarepresentationφ:FG gl(V )isamap  φ′  :  
FGgl(W)whereWisavectorsubspaceVwhichisinvariantunderFG.Arepresenta-
tionφisirreducibleifthereisnoproperFG-
invariantsubspaceWofV.Thatis,thereisnoproperinvariantsubspaceWsuchthatφ(x)(w)∈Wforallw∈
Wand 
x∈FG. 
Theorem1.Ifρ:G→GL(V)isanirreduciblerepresentationofG,thentherepresentationφ:FG→gl(V)

by 
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definedby 

 

 

 

isalsoirreduc

ible. 

Σ
n 

φ
( 

i

=
1 

 
aig

i)= 

Σ
n 

 

i

=
1 

 
aiρ(gi) 
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∈ ∈ ∈ 

− 

1 3 

1 3 

− 

 
Proof.Since ρ :G → GL(V ) is an irreducible representation, Vhas no proper G-invariant 
subspace. Let φ : FG → gl(V ) be the corresponding representation of FG.Also let Wbe an 
invariant subspace of Vunder the action φ.  That is φ(x)(w) ∈Wforallw∈Wandx∈FG. 

Σ
n 

φ(x)(w)=φ( 
i 

 

aigi)(w) 

Σn 

= aiρ(gi)(w) 
i 

 

Inparticular, ρ(gi)(w)Wfor all w Wand giG.  That is W  is an invariantsubspace of V under the 
action ρ, which is a contradiction since ρ is 
irreducible.HencethereisnoinvariantsubspaceWofVundertheactionφ. Q 

 
Thefollowingexampleshowsthatthegroupalgebrarepresentationsoftheirre-

duciblerepresentationsofthesymmetricgroupS3arealsoirreducible. 
 

Example 3. Consider the symmetric group S3and its irreducible representationsρ1, ρ2and 

ρ3where ρ1is the trivial representation with degree 1, ρ2is the alternatingrepresentation with degree 

1 and ρ3is the standard representation with degree 2.Also, 

 

ρ1:σ›→[1]forallσ∈S3 
ρ2:evenpermutationsmapsto[1]andoddpermutationsmapsto[-1] 

" 
−1 

ρ3:(123)›→√2 

 

√
3
# 

 
2 

1 0 
,(12)›→ 

3 1 0 1 
2 2 

 
ThenfromTheorem2,thegroupalgebrarepresentationsare: 

φ1:RS3→gl(R)givenby 

φ1(a1(1)+a2(12)+a3(23)+a4(13)+a5(123)+a6(132))= 
(a1+a2+a3+a4+a5+a6)1 

φ1:RS3→gl(R)givenby 

φ2(a1(1)+a2(12)+a3(23)+a4(13)+a5(123)+a6(132))=(a1+a5+a6)[1]+(a2+a3+a4)[−
1] 

φ3:RS3→gl(R2)givenby 

φ2(a1(1)+a2(12)+a3(23)+a4(13)+a5(123)+a6(132))=a1
1  0  

+ 
" √# 

 

"
 

√# 

 

"
 √
# 

 

"0    1  √ # 

 

a2     
1 0 

0  −1 

+
a

3 

−
1 
−
√

2
3 

 
 

3
 −
1 
2 +a4√2 

 

  

3 −1 
2 +a5√2 

 

  2 2 

2 2 

2 

− 

− 
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−1   

−1 

3 
2 +a6 

 

 

−
1
 3 
−
√
2
3

 
2 

 
 

Since φ1amd φ2are of degree 1, they are irreducible. To prove φ3is irreducible,let  W  be  a  

proper  invariant  subspace  of  R2
. Then  W=  span{(α, β)} for  

some(α,β)∈R2.SinceWisinvariant,  φ3(x)(w)∈Wforallx∈RS3andw∈W. 

2 

2 

2 
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3 

→ → 

 

Σ
n 

Thatis,φ( 
i

=
1 

aiσi)(w)=k(α,β)forsomek∈R.  Fromcomputationsweobtained, 

α(a1+a2− a3

 a

5 

2
−

2
− 

a

6
)

+ 
2 

√
3β 

2 
(a3+a4−a5−a6)=kα 

√
3α 

2  
(a4−a3+ a5−a6)+ β(a1−a2+ 

a

3

+
2 

a4

 a

5 

2
−

2
− 

a6
)=kβ 

2 

Thisistrueforeveryx∈RS3andw∈W.Thustakex=√2(23),thenitcanbe 

seenthatα=β=0.ThusW=0andhenceφ3isirreducible. 

Definition3.LetGbeafinitegroupandF beafield.ThegroupalgebraFGover 

FwiththeLiebracket[,]:FG×FG→FGdefinedby 

[α,β]=αβ−βαwhereα= Σ 
aigi,

β= 
i 

Σ 
bigiinFG 

i 

isaLiealgebra,denoteitbyLFGandiscalledtheGroupLiealgebra. 

AlinearmapbetweentwogroupLiealgebrasLFGandLFHwhichpreservestheLiebracketisahomo

morphismofgroupLiealgebras. 
Thefollowinglemmasareimmediatelyfollowfromthedefinitions. 

Lemma2.Letf:G H beagrouphomomorphism.  Then  f¯ :LFG LFH 

definedby 

Σ
n 

f¯ ( 
i

=
1 

Σ
n 

aigi)= 
i

=
1 

 
aif(gi) 

isahomomorphismbetweengroup 

Liealgebras. 

Σ
n 

Proof.LetG={g1,g2,...,gn},thenLFG={ 
i

=
1 

 

aigi:ai∈Fforalli}.Clearlyf¯  

islinearandfor
α= 

Σ
n 

 

i

=
1 

aigi,

β= 
Σ
n 

 

j

=
1 

bjgj∈LFG, 
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f¯ ([α,β])=f¯ (αβ−βα) 

Σn Σn 

=f̄ ( 
i,j=1 

Σn 

aibjgig

j− 
 
j

,

i

=
1 

bjaigjgi) 
 

Σn 

= 
i,j=1 

aibjf(gi)f(g

j)− 
 
j

,

i

=
1 

bjaif(gj)f(gi) 

Σ
n 

= 
i

=
1 

 
aif(
gi) 

Σ
n 

 

j

=
1 

bjf(gj

)− 
Σ
n 

 

j

=
1 

 
bjf(
gj) 

Σ
n 

 

i

=
1 

 
aif(gi) 

=[f¯ (α),f¯ (β)] 

hence,f¯ isahomomorphismbetweenLiealgebrasofgroupalgebras. Q 
ClearlythePleskenLiealgebra L(G)isaproper subsetofLFGand 

moreover,itisaLiesubalgebraofLFG. 



 

Journal for Educators Teachers and Trainers JETT,Vol. 13(5);ISSN:1989-9572                                                            628                                         

 

→ L →L 

i 

L → 
L 

→ L → 

i 

→ 

L 

L → 

 
Example4.  Consider  the  Plesken  Lie  algebras  L(S3)  = {α((1  2  3) − (1  3  2))  :α ∈ C} 
ofS3over  C and  L(D4) = {α(a − a

3) : α ∈ C} of  D4=<a, b : a
4= 

b
2=e,aba=b

−1
>overC.Thenf̂ :L(S3)→L(D4)definedby 

fˆ(α((123)−(132)))=α(a−a
3) 

isaPleskenLiealgebrahomomorphism. 

Lemma3.Letf:G      H beagrouphomomorphism. Thenfˆ :(G) (H) 
definedby 

Σ
n 

fˆ( 
i

=
1 

 
aigˆ
i)= 

Σ
n 

 

i

=
1 

aif̂ (g) 

is aPleskenLiealgebrahomomorphism. Further,  fˆ is actually  the  restriction  ofthe 

homomorphismofthe group  Lie  algebras  f¯  : LFG→ LFH(defined in  Lemma 3)toL(G).Thatis, 

f̂ =f̄ |L(G) 
Proof.TheproofissimilarasinLemma3. Q 

3. PLESKENLIEALGEBRAREPRESENTATIONS 
Next we proceed to define representation of a Plesken Lie algebra and discusssome of its 

properties.We have already described the representations of groupalgebras and it is seen that 
when the representations of group is irreducible so  istherepresentationofgroupalgebras. 
Definition4.ArepresentationofaPleskenLiealgeba(G)isalinearmapφ: 

(G)gl(V ) (where Vis a vector space over F) such that φ is a Lie algebra homomorphism. 

The following theorem shows that if we have a representation of a group G, 
thenwecanfindarepresentationofthePleskenLiealgebraL(G). 
Lemma4.Ifρ:G    GL(V)isarepresentationofGonV,thenψ:  (G) 
gl(V)definedby 

Σ
n 

ψ( 
i

=
1 

 
aigˆ
i)= 

Σ
n 

 

i

=
1 

aiρ̂ (g)
for 

Σ
n 

 

i

=
1 

aig î∈L(G) 

isarepresentationofthePleskenLiealgebraL(G). 
Proof.Sinceρ:G GL(V)isarepesentationofG,ρ(gi)andρ(gi

−1)areauto-morphismsonV.Then 

ρ̂ (gi)=(ρ(gi)−ρ(gi)
−1)=ρ(gi)−ρ(gi

−1). 
isanendomorphismonV.Thusψisdefined. 
Clearlyψislinear.ByLemma4,ψisahomomorphismfromL(G)togl(V)and 
henceψisarepresentationofL(G). 

Q
 

APleskenLiealgebrarepresentationψ:(G) gl(V)isirreducibleifthereisnoproper (G)-
invariantsubspaceWofV. 

ThefollowingtheoremstatesthatthePleskenLiealgebrarepresentationcorre-
spondingtoareduciblegrouprepresentationisreducible. 
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i 

∈ ∈ 

→ 

√ 

− 

− 

√ 
− 

− 

3 

3 

√ 

i i 

3 − 

α 

 
Theorem 2.Ifρ : G → GL(V ) isareduciblerepresentation  of  a  group G,  

thenthePleskenLiealgebrarepresentationψ:L(G)→gl(V)ofL(G)definedby 

 

 

 

isalsoreduci

ble. 

Σ
n 

ψ( 
i

=
1 

 
aigˆ
i)= 

Σ
n 

 

i

=
1 

aiρ̂ (g) 

Proof. Sinceρ:G GL(V 

)isareduciblerepresentation,Vhasaproperinvariantsubspace.Thatis,thereisasubspaceW ofV 

suchthatρ(g)w Wforallg G 

Σn 

andw∈W.WeclaimthatWis alsoinvariantunderψ.Forletx̂= 
L(G),w∈W, 

 
i

=
1 

aig î∈ 

Σn Σn 
^

 Σn 
^ ^ 

ψ(x̂)(w)
=ψ( 

 
i

=
1 

aig î)(
w)= 

 
i

=
1 

aiρ(gi)(
w)= 

 
i

=
1 

ai(ρ(gi)(w)−ρ(gi
−1)(w)) 

Sinceρ(gi)(w),ρ(gi
−1)(w)∈WandWis asubspace,ρ̂ (g)(w)−ρ̂ (g−1)(w)∈W. 

Thusψ(x̂)w∈Wforallx̂∈L(G)andw∈W. Q 
Very often if ρ is an irreducible representation of a group G, then ψ is also anirreducible 

representation as seen in the following examples(where ψ is defined asinLemma5). 
Example5.ConsidertheirreduciblerepresentationsofS3asinExample3.ThencorrespondingPlesken

Liealgebrarepresentationsare: 

ψ1:L(S3)→gl(R)givenbyψ1(a((123)−(132)))=0 
ψ2:L(S3)→gl(R)givenbyψ2(a((123)−(132)))=0 

1 

ψ3:L(S3)→gl(R2)givenbyψ3(a((123)−(132)))=a( 2 
 

 

√3
! 

1 

 
2 2 
1 3 

2 2 

√3
! 

2 
1 

2 

0 −
√  

=a(√
3 0 

) 

 
Clearly,ψ1andψ2areirreduciblerepresentationssinceeachofwhichhasdegree1.Wewillproveψ3isirr

educible.ForWbeaproperinvariantsubspaceofR2
.Then 

W=span{(α,β)}forsome(α,β)∈R2
.SinceWisinvariant,ψ3(x̂)(w)∈Wfor allx̂∈L(S3)andw∈W. 

0 −
√   

ψ3(x̂)(w)∈W⇒a

( 
√

3 0 
)  β 

∈W 

√ ⇒a( −3
β 

3α 

2 
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)∈W ⇒(−
√

3aβ,
√

3aα)=k(α,β)forsomek∈R 

 

k= 
−

√
3aβ 

α 

√
3aα 

andk= 
β 

Byequatingweget,
√

3a(α2+β2)=0whichimpliesα =β=0.Thatis,W=0, 

henceψ3isanirreduciblerepresentation. 

⇒ 
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− 

4 

− 

− 

− 

5 

) 

 

Example6.ConsiderthedihedralgroupD4=<a,b:a4=b
2=e,aba=b>anditsirreduciblerepresentations

ρ1,ρ2,ρ3,ρ4andρ5whereρi’saregivenby 

ρ1:a›→(1),b›→(1) 
ρ2:a›→ (−1),b›→ (1) 
ρ3:a›→(1),b›→ (−1) 
ρ4:a›→(−1),b›→(−1) 

ρ5:a›→ 0 1 0 1 

1 0 
,b›→ 

1 0
 

Then correspondingPlesken Liealgebra representations are:ψ1 : L(D4) → gl(R) given  by 

ψ(α(a − a3)) = 0ψ2 : L(D4) → gl(R) given  by ψ(α(a − a3)) = 0ψ3 : L(D4) → gl(R) 
given  by ψ(α(a − a3)) = 0ψ4:L(D4)→gl(R)givenbyψ(α(a−a

3))= 0 
ψ:L(D)→gl(R¤)  givenby   ψ(α(a −a

3))=α( 0 2 
)
 

2 0 
Since ψ1, ψ2, ψ3and ψ4hasdegree1,theyare irreducible.Next wewillproveψ5isalso an irreducible 

representation. For let W be a proper invariant subspace of 

R2
.ThenW=span(α,β)forsome(α,β)∈R2

.SinceWisinvariant,ψ5(x̂)(w)∈W 

forallx̂∈L(D4)andw∈W. 

ψ5(x̂)(w)∈W⇒γ
( 

0 2 α 

2 0 β 
∈W

 ⇒γ( 2β 

2α 
) ∈W ⇒ (−2γβ,2γα)=k(α,β)forsomek∈ R 

k=
−2γβ 

α 

2γα 

andk= 
β 

Byequatingweget,2γ(α2+β2)=0whichimpliesα=β=0.Thatis,W=0,henceψ5isanirreducibler

epresentation. 

Alsoweobtained thattherepresentations ofL(S4)corresponding totheirre-
duciblerepresentationsofS4areirreducible. 

However,theabovesituationisnotanecessaryandsufficientcondition, 
becauseitispossibletohaveψmaybeL(G)-reducibleevenifρisFG-irreducible. 
3.1. PleskenLiealgebramodules.NextweproceedtodescribesPleskenLiealgebramodulesandobtainso
meinterestingtheoriessuchasSchur’slemma. 
Definition5.AvectorspaceV,endowedwithanoperationL(G)×V→Visan 

L(G)-moduleif 

(1)(ax̂+bŷ)v=a(x̂v)+b(ŷv) 
(2)x̂(av+bw)=a(x̂v)+b(x̂v) 
(3)[x̂,ŷ]=x̂ŷv−ŷx̂v 

forallx̂,ŷ∈L(G),v,w∈Vanda,b∈F. 

Remark3.EveryFGisanL(G)-module. 

⇒ 
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Proof.SupposeVisanFG-module.Thenforanyx̂∈L(G)andv∈V, 
Σ
n 

x̂v=( 
i

=
1 

 
g î

)v
= 

Σ
n 

 

i

=
1 

 
ai(gˆiv) 
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Since Vis an FG-module, gv∈V  for all g ∈G and v ∈V . Thus gˆiv= giv−gi
−1

v ∈Vwhichimpliesx̂v∈Vforallx̂∈L(G)andv∈Vandthissatisfiesalltheaxioms ofanL(G)-module. ThusV isanL(G)-module.
 Q 
Notethattheconverseoftheremarkneednotbetrue. 
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