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An prominent field of study related to Lie theory, representations of Lie groups and Lie algebras, has its
origins in the work of Sophus Lie, who examined certain transformation groups that are now known as
Lie groups. Both Lie groups and Lie algebras are now fundamental to many areas of theoretical physics
and mathematics. Compared to the Liegroup, the Lie algebra is more readily available since it is a linear
entity. Wilhelm Killing (1847-1923) argued that categorising all (finite dimensional real) Lie algebras
should come before classifying all group actions. It became evident from the slow development of Lie,
Friedrich Engel (1861-1941), and Killing's theories that figuring out all basic Lie algebras was essential.
Unless otherwise indicated, a Lie algebra is a finite dimensions over a field with characteristic zero in
this article.

A vector space with a basis made up of group elements and additional structure using the product
operation on G is called a group algebra of a finite group G. Group algebras may be thought of as the
foundation for representation theory of finite groups. A homomorphism p: G GL(V) of G to the group
of automorphisms of V is a representation of a finite group G on a finite dimensional complex vector
space V. A vector subspace W of a representation V that is invariant under G is a subrepresentation of
that representation. For any g G and w W, that is p(g)(w) W. If there isn't a valid invariant subspace W
of V, then p is irreducible. Through the bracket (commutator) operation, the group algebra takes on the
structure of a Lie algebra.

Plesken Lie algebra is the name given to the creation of a Lie algebra of a finite group by W. Plseken
and Arjeh M. Cohen. They ran into the issue of which groups the construction would provide a simple
Lie algebra for. By explicitly identifying the groups for which the Plesken Lie algebra is simple or
semisimple, Arjeh M. Cohen and D. E. Taylor conducted a thorough investigation of the structure of
Plesken Lie algebras in [1]. The representations of Plesken Lie algebras, Plesken Lie algebra modules,
and the representations of Plesken Lie algebras derived from the group representations are all covered in
this work. Additionally, we identify the irreducible representations of Plesken Lie algebras.
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1. PRELIMINARIES

We will first go through preliminaries of Lie algebras, group algebras and PleskenLie algebras.Also we
describes some structural properties of group algebra.Fur-ther we will introduce the notion of
representation of Plesken Lie algebras. We
alsodiscusssomeirreduciblerepresentationsofPleskenLiealgebrasofsomegroups.

AlLie
algebraloveranarbitraryfieldFisavectorspaceoverFendowedwithanoperationcalledLiebracketsatisfying
thefollowingproperties:
(1) Bilinearity:Forx,y,x€L,a,b€F
lax+by, x¥]=a|x, x]+b[y, ]
[x,ay+bxl=alx,y]+b[x, x]
(2) [x,x]=Oforallx L
(3) Jacobiidentity:
[x, [y, A1+, [£x]1+[ 5 [x, y]]=0forallx, y, re L
A vector subspace K L is a Lie subalgebraof Ldf [x, y] Kcforallx, y K,
andasubspace I of a Lie algebra L is called an ideal if [x, yle [ foxr allx L,y
LA Lie algebra homomorphism from L to L'is a linear map ¢ :L.L'such
that([x,y])=[¢(x),¢(y)]forall€ yL .
AgroupalgebraFGofagroupGoverFisavectorspacewithgroupelemenstsasbasis. Tha
tis,
FG={ = a,g;a;€Fforalli}
n

-~

Herethemultiplicationisdefinedby
2 !2 ! > aibj(gigi),ai,biEF
a;8i bjg;

AlinearmapbetweentwogroupalgebrasF GandFHwhichpreservesthealgebramultiplicationisako
momorphismofgroupalgebras.
Definitionl.(cf.[1])PleskenLiealgebral.(G)ofagroup GoverFisthelinearspanof
elementsg=g—g ' €FGtogetherwiththe Liebracket
(8, hl=8h~hg
Examplel.ConsiderthesymmetricgroupSs,then
L(Sy)=span{oc—c ':0€S;}
={a:((1)=(1)*tax((12)—~(12))+as((13)—(13))++as((23)—~(23))
+as((123)—(132))+as((132)—(123)):a,€C}
={a((123)—(132)):aeC}

isaonedimensional Plesken Liealgebraover CwithLiebracket
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[a(T23),b( T23)]=0

2. GROUPALGEBRAHOMOMORPHISMSANDPLESKENLIEALGEBRA

HOMOMORPHISMS
HerewegothroughsomestructuralpropertiesofgroupalgebrasandPleskenlie algebras such as
group algebra homomorphisms, group algebra

representationsandPleskenLiealgebrahomomorphisms.
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Lemmal.Letf:G _ Hbeagrouphomomorphism.Thenf :FG  _ FHdefinedby
> >
n n aflg)
Vi i ( agi)

i =

isahomomorphismbetweengroupalgebr

as. =" 4,g:.a,€Fforalli}.Clearlyf is
n
Proof.
LetG={gg>,...,&:},thenFG={ i
1
linearandfor > a;g; >_b,;8,€FG,
o= n p= n
i J
1 1
>z > > -1 >
f( ai8i _ a;b;gig;)= a;bf(8:)f(g)) afig;  bS&)
big)H)=f = )
(
i=1 j i,j=1 i,j=1 i=1 J=1
hence,f isahomomorphismbetweengroupalgebras. Q

However,itisnotnecessarythatanygroupalgebrahomomorphismsinducedbyagrouphomomorphi
smasseeninthefollowingexample.
Example2.ConsiderthegroupG={e,c}whereo"=e. Definef:CG—CG
by
fle)=eandf(o)=—owithfislinear
Thenfisagroupalgebrahomomorphism.Butfisnotinducedfromanygroup homomorphism.
A representation of a group algebra FG is a linear map ¢ : FG  gl(V') ( wheregl(V ) is the set
of all endomorphisms on V) such that ¢ is an algebra homomor-phism. A representation of a
group G gives rise to a representation of the groupalgebraFGasfollows.
Definition2.Givenarepresentationp:G— GL(V)ofagroupG.Theng:

FG—gl(V)definedby
> >
n ag n ap(g)
isarepresentationofF o( D=
G. i i
1 1
Asubrepresentationofarepresentationp:FG gl(V )isamap 0

FGgl(W)where Wisavectorsubspace VwhichisinvariantunderFG. Arepresenta- —
tiongisirreducibleifthereisnoproperFG-

invariantsubspace Wof V. Thatis,thereisnoproperinvariantsubspace Wsuchthatgp(x)(w)€ Wforallwe
Wand

x€FG.

Theoreml./fp:G— GL(V)isanirreduciblerepresentationofG,thentherepresentationp:FG—gl(V)
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definedby
> -
n oag n ap(g)
@ D=
isalsoirreduc ( i
ible. i =
= 1
1
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Proof.Since p :G — GL(V ) is an irreducible representation, Vhas no proper G-invariant
subspace. Let ¢ : FG — gl(V ) be the corresponding representation of FG.Also let Wbe an
invariant subspace of Vunder the action ¢. That is ¢(x)(w) € Wforallw€ Wandx€FG.
>
n ag)w)
p)(W)=p(
i
-5
= ap(gl(w)

Inparticular, p(g;)(w)Wfor all w Wgnd 8:G. Thatis W is an invariantsubspace of V under the
action 0, which is a contradiction since p is
irreducible.Hencethereisnoinvariantsubspace WofVundertheactiong. Q

Thefollowingexampleshowsthatthegroupalgebrarepresentationsoftheirre-
duciblerepresentationsofthesymmetricgroupSsarealsoirreducible.

Example 3. Consider the symmetric group Ssand its irreducible representationsp,, prand
pswhere piis the trivial representation with degree 1, p,is the alternatingrepresentation with degree
1 and psis the standard representation with degree 2.Also,

pro—[1]forallc€ES;

por:evenpermutationsmapsto[ I Jandoddpermutationsmapstof-1]
- 1 0

—1 3 ,(12p—

(1232 #

T2
31 0 1
2 2

ThenfromTheorem?2,thegroupalgebrarepresentationsare:

01:RS;—gl(R)givenby
p1(a1(D)+ax(12)+a3(23)+as(13)+as(123)+as(132))=
(a1+a2+a3+a4+a5+a6)1

»1:RS;—gl(R)givenby

pa(a(D+ax(12)+as(23)+aq(13)+as(123)+ae(132))=(a+as+ae)[ 1]+ (ar+as+as)[—
1]
93:RS;—gl(R*)givenby
10

px(ai(D)+a(12)+a3(23)+a4(13)+as(123)+ae(132))=a;, +
" j# " " w0 1 ,\/ #
_ ~
JH# # -
10 + - 2 3 - 3 —1
al 3
0 -1 a 1 L1 3T 2 2 4452
X .
‘\/ 21 2 +a4‘\2 5 2
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=11

2 +ae

|

WL
I

N

2
Since pamd prare of degree 1, they are irreducible. To prove gsis irreducible,let W be a

proper invariant subspace of R%.  Then W= span{(a, p)} for
some(a,ﬁ)ERz.SinceWisinvariant, p3(x)(w)EWforallx€RS3andweW.
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= a,0)(w)=k(a,p)forsomek€R. Fromcomputationsweobtained,

n
Thatis, (
i
1
as a v
a 6 3 —de—a)=k
5 =) —2(a3+a4 as—ae)=ka
_ +
22 o)
_ a a a6
3a X * a —)=kp
— (@s—as+ as—aq)+ flar—ar+ e 2
2 5

Thisistrueforeveryx€RSsandweW. Thustakex=\2(23), tignitcanbe
seenthato=F=0.ThusW=0andhencegp;isirreducible.
Definition3.LetGbeafinitegroupandF beafield. ThegroupalgebraFGover
FwiththeLiebracket|,]:FGXFG—FGdefinedby
o, fl=af—PLawherea= > >
agi b,ginFG
p= i
i

isaLiealgebra,denoteitbyLrcandiscalledtheGroupLiealgebra.

AlinearmapbetweentwogroupLiealgebrasLrsand LgywhichpreservestheLiebracketisahomo
morphismofgroupLiealgebras.

Thefollowinglemmasareimmediatelyfollowfromthedefinitions.
Lemma2.letf:G _. H beagrouphomomorphism. Then f iLeg _ Len

definedby
> >
n n af(g)
a,gi)=
i i
1 1
isahomomorphismbetweengroup
Liealgebras. a;g;.a;€Fforalli}.Clearlyf
>
n
Proof.LetG={g,82,...,8,} ,thenLgs={
i
1
islinearandfor > ag; >"b;g;€LrG,
a= n p= n
i J
1 1
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I UapD=f (app=Po)

P25 -5
=f ( a:b;g:g . bjaig;g:)
i,j=1 i J
> X
Z
1
= a:b (g (g ) bjaif(g; (8:)
,j=1 )~ J
i
1
> >y, = >
n oaft n ) n byt n afig)
= g gj)
i J J i
1 1 1 1
=lf (@.f B)]
hence,f isahomomorphismbetweenLiealgebrasofgroupalgebras. Q
ClearlythePleskenLiealgebra L(G)isaproper subsetofLrsand

moreover,itisaliesubalgebraof Lg.
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Exampled4. Consider the Plesken Lie algebras L(S3) ={a((l 2 3)—(1 3 2)) :a€ C}
ofSsover C and LDy = {ala — a) :a € C} of Ds=<a b : a‘=
b*=e,aba=b"" > overC. Thenf1(S3)—L(Dy)definedby

[ (@((123)~(132)))=a(a—d’)
isaPleskenLiealgebrahomomorphism.
Lemma3.Letf:G  H beagrouphomomorphism. Thenf :(G) L L (H)

definedby
> A >0/ C
n ag n
f( )=
i i
T
is aPleskenLiealgebrahomomorphism. Further, f is actually the restriction  ofthe
homomorphismofthe group Lie algebras f : Lyg— Lgn(defined in Lemma 3)tol(G). Thatis,
S =
Proof.- TheproofissimilarasinLemma3. Q
3. PLESKENLIEALGEBRAREPRESENTATIONS
Next we proceed to define representation of a Plesken Lie algebra and discusssome of its
properties.We have already described the representations of groupalgebras and it is seen that
when the representations of group is irreducible so istherepresentationofgroupalgebras.
Definitiond.ArepresentationofaPleskenLiealgeba(G)isalinearmapg:
L(G)glV ) (where Vis a vector space over F) such that ¢ is a Lie algebra homomorphism.
The following theorem shows that if we have a representation of a group G,
thenwecanfindarepresentationofthePleskenLiealgebralL(G).
Lemmad./fp:G G£(V)isarepresentationofGonV,theny/: (G) L .
gl(V)definedby
> A 205 2 Zag€LG)
noag n f n
w( D=
i Z Z
1 1 1

isarepresentationofthePleskenLiealgebralL(G).
Proof.Sincep:G  _ GL(V)isarepesentationofG,p(gi)andp(gfl)areauto—morphismsonV.Then
FEH=(p(g)p(g) H=p(g)p(g: .
isanendomorphismonV.Thusyisdefined.
Clearlyyislinear.By Lemma4,yisahomomorphismfromL(G)togl(V)and
henceyisarepresentationofL(G).
Q
APleskenLiealgebrarepresentationy: (G) gl(V)isirreducibleifthereisnoproper  (G)-
invariantsubspace WofV. -
ThefollowingtheoremstatesthatthePleskenLiealgebrarepresentationcorre -
spondingtoareduciblegrouprepresentationisreducible.

Journal for Educators Teachers and Trainers JETT,Vol. 13(5);ISSN:1989-9572 628



|t

oJ ournal for Educators, Teachers and Trainers

The LabOSfor electronic, peer-revi , open: N

Theorem 2.[fp : G — GL(V ) isareduciblerepresentation of a group G,
thenthePleskenLiealgebrarepresentationy:1.(G)—gl(V)ofL(G)definedby

= =i
n ag n i
w( D=
isalsoreduci i i
ble. = =
1 1
Proof. Sincep:G ~ GL(V
)isareduciblerepresentation, Vhasaproperinvariantsubspace.Thatis,thereisasubspace W ofV
suchthatp(g)w Wrorallg €G <
andw€W.WeclaimthatWis alsoinvariantundery.Forletx= ag €
L(G),weW, i
1
> > > —~ —~
S
y (W) a;g"i)( ap(gi)( alp(g)(w)—p(gi H(w))
=y( i w)= i w)= i
1 1 1
Sincep(g:)(w),p(gi L) (w)eWandWis asubspace. g () (w)—p T 1) (w)EW.
1 1
Thusy(x)weWforallxe L(G)andweW. Q

Very often if p is an irreducible representation of a group G, then y is also anirreducible
representation as seen in the following examples(where y is defined asinLemmas).
ExampleS.ConsidertheirreduciblerepresentationsofSsasinExample3.ThencorrespondingPlesken
Liealgebrarepresentationsare:

w1:L(S3)—gl(R)givenbyy (a((123)—(132)))=0
w2 L(S5)—gl(R)givenbyyn(a((123)~(132))=0

V3
w:L(S3)—gl(RA)givenbyy(a((123)~(132))=a( 2 5 _ =

-1

2

R

:a(\/3 -

Clearly,yandy,areirreduciblerepresentationssinceeachofwhichhasdegreel. Wewillprovey sisirr
educible. ForWbeaproperinvariantsubspaceofR> Then
W=span{ (a,f) }forsome(a,ﬂ)ERz. SinceWisinvariant,y;(X)(w)EWfor alIX€LL(S3)andweW.

z/3()%)(w)EW=>a \/3_ 0 ) g EW
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JEW
=>(—\/3;ﬁ, \/3a_oc)=k(0c, B)forsomek€R
v v
k= 3ap 3aa
a = — andk=
B

\/_
Byequatingweget, 3a(o’+f%)=0whichimplieso. =£=0.Thatis, W=0,
henceyrisanirreduciblerepresentation.
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Example6.ConsiderthedihedralgroupD,=<a,b:a"=b*=e,aba=b > anditsirreduciblerepresentations
PL.P21P3Peandpswherep;’saregivenby
pra>—(1),br—(1)
pra>— (—1),b>— (1)
pya>—(1),br— (1)
pya>—(—1),br—(-1)
Psia>— 0 1 01

1o P 10
Then correspondingPlesken Liealgebra representations are:y, : L(D,) — gl(R) given by
y(ala — a’)) = Oy, : L(D4) — gl(R) given by w(a(a — a)) = Oys : L(D4) — gl(R)
given by y(a(a — a)) = Oy, L(D,)—gl(R)givenbyy(a(a—a’))= 0
wL(D)—gl(R™) givenby w(a(a —a’))=a( 0o 2
5 4

)
2 0
Since yy, yw,, wsand wihasdegreel,theyare irreducible.Next wewillproveysisalso an irreducible
representation. For let w be a proper invariant subspace of
R’ ThenW=span(a,})forsome(a, ﬁ)ERZ. SinceWisinvariant,ys(X)(w)EW
foralIXxelL(D4)andweW .
s (X (W)EW=y 0 _2 a
( > 0 ) 5 EW
=y( 2B
20 ) EW
= (296, 2y0)=k(a, B)forsomek€ R
=28 24
- = andk=

Byequatingweget,2y(o’+p>)=0whichimpliesa==0.Thatis, W=0, henceysisanirreducibler
epresentation.
Alsoweobtained thattherepresentations ofL(S,)corresponding totheirre-
duciblerepresentationsofS,areirreducible.
However,theabovesituationisnotanecessaryandsufficientcondition,
becauseitispossibletohaveymaybel.(G)-reducibleevenifpisFG-irreducible.
3.1. PleskenLiealgebramodules.NextweproceedtodescribesPleskenlLiealgebramodulesandobtainso
meinterestingtheoriessuchasSchur’slemma.
DefinitionS.AvectorspaceV,endowedwithanoperationl.(G)xV—Visan
L(G)-moduleif
(1)(ax+by)v=a(xv)+b(GFv)
(2)x(av+bw)=a(xv)+b(xv)
(3[X,J]1=Xyv—yXv
forallx,yEL.(G),v,w€Vanda,beF.
Remark3.EveryFGisanL(G)-module.
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> >
n gi n al(g v)
xv=( w
i = i
1 1
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Since Vis an FG-module, gveV for all g €G and v €V . Thus gw= gv—g 'v
€ Vwhichimpliesxve VforalLx€L.(G)andve Vandthissatisfiesalltheaxioms ofanL(G)-module. ThusV isanL(G)-module.
Q

Notethattheconverseoftheremarkneednotbetrue.
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